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1 Introduction
The interest on dynamics in Anti-de Sitter (AdS) space[1] has been revived by a
conjectured duality between string theory in the bulk of AdS and conformally invariant
field theory (CFT ) living on the boundary of AdS [2]. The AdS/CFT correspondence
gives an explicit relation [3, 4] between Yang-Mills theory and string theory[5, 6]. It is
wished that this duality will offer us a theory of strong coupling mysteries of QCD. In-
deed, many interesting results[7]–[12], including confinement, θ vacuum, glueball mass
spectrum and topological susceptibility etc., have been obtained by simple calculations
of supergravity. This is qualitatively similar to what happens in strong coupling lattice
QCD. Furthermore and curiously, the ratios of the glueball excited state masses and
the lowest state mass[8]–[11] are in reasonable good agreement with the lattice compu-
tations. The AdS/CFT correspondence states that the string theory on AdSd×MD−d
is dual to a conformal field theory living on the spacetime boundary. To each field
Φi there is a corresponding local operator Oi in the conformal field theory. A strong
support for the conjectured duality comes from comparing spectra of the Type IIB
string theory on the background of AdS5 × S5 and low-order correlation functions of
the 3 + 1 dimensional N = 4 SU(N) super Yang-Mills theory.
In order to show explicitly the AdS/CFT duality or to investigate its delicious
implications, dynamics in AdS should be studied extensively in various directions. In
this paper, we study AdS dynamics for massive scalar field both by solving exactly
the equation of motion and by constructing bulk-boundary propagator. A Robertson-
Walker-like metric is deduced from the familiar SO(2, n) invariant metric in an (n +
2)-dimensional embedding space. Thus, we can present a time-like Killing vector in
this metric. However, it is not only invariant under space-like transformations but
also invariant under the AdS transformations of SO(2, n) in certain sense. A horizon
appears in this coordinate system. We obtain a bulk-boundary propagator for AdS with
correct signature. Singularities of wavefunctions at the boundary are also demonstrated
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explicitly. It is shown that there is a one-to-one correspondence among the exact
solutions and the bulk fields obtained by using of the bulk-boundary propagator.
The paper is organized as follows. In Section 2, global geometric properties of AdS
are discussed. Relations between the explicit SO(2, n) invariant metric and the Hua’s
metric are shown. In Section 3, we introduce a coordinate of AdS with a Robertson-
Walker-like metric and a space-transformation invariant time-like Killing vector. The
Penrose diagram is drawn for this coordinate and shows that there is a horizon. AdS
is divided by the horizon into two separate parts, i.e., region I and region II. Physics
in different regions is discussed, separately. We obtain exact solutions of free massive
scalar field on region I by making use of the variable-separating method in Section
4. Discrete mass spectrum is got by natural boundary conditions on the horizon.
Bulk-boundary propagator in the region I is discussed in section 5. Results obtained
by solving exactly the equation of motion and ones got by constructing the bulk-
boundary propagator are in good agreement. Section 6 is devoted to the exact solutions
of the massive scalar field in the region II. In Section 7, we present a bulk-boundary
propagator in the region II.
2 Some global geometric properties of AdS
In an (n + 2)-dimensional embedding space, the (n + 1)-dimensional AdS can be
written as
ξ0ξ0 −
n∑
i=1
ξiξi + ξn+1ξn+1 = 1 , (1)
where the cosmological radial constant is normalized as one. It is easy to check that
the isometric symmetry of AdSn+1 is SO(2, n). It is well known that, at least, two
charts of coordinates U1 (ξn+1 6= 0) and U0 (ξ0 6= 0) should be needed to describe AdS
globally.
In the chart AdSn+1 ∩ U1, we introduce a coordinate system
3
xi =
ξi
ξn+1
, (i = 0, 1, 2, · · · , n; ξn+1 6= 0) , (2)
for both parts U+1 (ξn+1 > 0) and U−1 (ξn+1 < 0) .
The AdSn+1 ∩ U1, in the coordinate (xi), is described by
AdSn+1 ∩ U1 : σ(xi, xj) > 0 ,
σ(xi, xj) ≡ 1 +
n∑
i,j=1
ηijx
ixj , η = diag(1, −1, − 1, · · · , − 1︸ ︷︷ ︸
n
) .
(3)
In the chart AdSn+1 ∩ U0, we can also introduce a coordinate system
y0 =
ξn+1
ξ0
, (ξ0 6= 0) ,
yi =
ξi
ξ0
, (i = 1, 2, · · · , n; ξ0 6= 0) ,
(4)
for both parts U+0 (ξ0 > 0) and U−0 (ξ0 < 0) .
In the coordinate (yi), the AdSn+1 ∩ U0 is described as
AdSn+1 ∩ U0 : σ(yi, yj) > 0 . (5)
The domains σ(xi, xj) > 0 and σ(yi, yj) > 0 are classical domains. At the overlap
region AdSn+1 ∩ U0 ∩ U1 of the two charts U1 and U0, we have relations between the
coordinates (xi) and (yi)
y0 =
1
x0
, yi =
xi
x0
. (6)
This shows clearly a differential structure of AdS.
The boundary M
n
of the slice AdSn+1 ∩ U+1 (or U−1 ) of AdS is as
M
n
: 1 + ηjkx
jxk = 0 . (7)
This consists of the conformal space of Dirac[1]. In Fig.1, we show a plot of AdS and
its boundary in the coordinate (xi).
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Fig.1 AdS2 in coordinate (x
i) as classical domain covered by dashing lines.
For the pseudo-sphere (1), an explicit SO(2, n) invariant metric can be introduced
as
ds2 = ηijdξ
idξj + dξn+1dξn+1 . (8)
In the coordinate (xi), the metric is reduced as
ds2 =
(
σ−1ηij − σ−2ηikηjlxkxl
)
dxidxj
= −dxJ(I − x
′xJ)−1dx′
1− xJx′ ,
(9)
where we have used the notations J ≡ diag(−1, 1, 1, · · · , 1︸ ︷︷ ︸
n
), x ≡ (x0, x1, · · · , xn) ,
and x′ the transport of the vector x. This is obviously a generalization of the Hua’s
metric [13, 14] for manifolds with Lorentzian signature. It should be noticed that
the transformations among the coordinate variables (xα) (α = 1, 2, · · · , n) form a
group D ⊂ SO(1, n), which is the isometric transformations in (ξ1, ξ2, · · · , ξn+1).
Thus, we can refer to these transformations as space-like ones. The x0 element of
5
(xi) is not invariant under the so-called space-like transformations D. We can not
got a time-like Killing vector using x0 only. To draw explicitly time-like geodesics,
one should investigate space-like transformation invariant variables. In fact, under the
transformations D, ξ0(≡ σ− 12 (xi, xj)x0) is invariant. Therefore, it is convenient to use
the coordinate (ξ0, x1, · · · , xn) [15].
3 Spacetime geometry in (ξ0,x) coordinate system
By making use of the relations between the coordinates (xi) and (ξ0, xα)
σ(xi, xj) =
1− xx′
1− ξ0ξ0 ,
x0x0 =
ξ0ξ0
1− ξ0ξ0 (1− xx
′) ,
(10)
we get a deduced Robertson-Walker-like metric in terms of the coordinate (ξ0, xα)
ds2 =
1
1− ξ0ξ0dξ
0dξ0 − (1− ξ0ξ0)dx(I − x
′x)−1dx′
1− xx′ , (11)
where the vector x denotes (x1, x2, · · · , xn) and x′ the transport of the vector x.
In the spherical coordinate (x1, x2, · · · , xn) −→ (ρ, θ1, · · · , θn−1), the SO(2, n)
invariant metric (11) is of the form
ds2 =
1
1− ξ0ξ0dξ
0dξ0 − (1− ξ0ξ0)
[
(1− ρ2)−2dρ2 + (1− ρ2)−1ρ2dudu′
]
, (12)
where
u = (cos θ1, sin θ1 cos θ2, sin θ1 sin θ2 cos θ3, · · · , sin θ1 · · · sin θn−2 cos θn−1,
sin θ1 · · · sin θn−2 sin θn−1) ,
0 ≤ θ1, θ2, · · · , θn−2 ≤ π , 0 ≤ θn−1 ≤ 2π .
There are singularities in the transformation from (x0,x) to (ξ0,x). Therefore, the
spacetime structures of AdS in the coordinate (ξ0,x) should be analysed carefully.
The singularities occur at the submanifold x0 = 0.
6
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Fig.2 AdS2 in the coordinate (ξ
0, x) with boundary denoted by dagger lines.
The boundary σ(xi, xj) = 0, besides the submanifold x0 = 0, is represented by
ξ0ξ0 = ∞ in the coordinate (ξ0,x). And the boundary of the submanifold x0 = 0 is
described by 1 − xx′ = 0 in this coordinate. Then, we can describe the boundary of
AdS in the coordinate (ξ0, x) as
M
n
: {ξ0ξ0 =∞, 1− xx′ < 0} ⋃ {ξ0 ∈ (−∞, ∞), 1− xx′ = 0} . (13)
In figure 2, we give a plot of AdS in the coordinate (ξ0,x).
By substituting the coordinate variables ξ0 and ρ with η and θ,


ρ = tanh−1
[
1
2
(tan(−η + θ)− tan(η + θ − π))
]
, pi
2
> −η + θ > η + θ − π > −pi
2
ξ0 = tanh−1
[
1
2
(tan(−η + θ) + tan(η + θ − π))
]
, for 1− ξ0ξ0 < 0, 1− ρ2 < 0 ;
ρ = tanh
[
1
2
(tan(η + θ)− tan(η − θ))
]
, pi
2
> η + θ > η − θ > −pi
2
ξ0 = tanh
[
1
2
(tan(η + θ) + tan(η − θ))
]
, for 1− ξ0ξ0 > 0, 1− ρ2 > 0,
(14)
7
we can rewrite the metric (11) into the form


ds2 = sinh−2
[
1
2
(tan(η + θ)− tan(η − θ))
]
·
[
cos−2(η + θ) cos−2(η − θ)(dη2 − dθ2)− cosh2
[
1
2
(tan(η + θ) + tan(η − θ))
]
dudu′
]
,
for 1− ξ0ξ0 < 0, 1− ρ2 < 0 ;
ds2 = cosh−2
[
1
2
(tan(η + θ) + tan(η − θ))
]
·
[
cos−2(η + θ) cos−2(η − θ)(dη2 − dθ2)− sinh2
[
1
2
(tan(η + θ)− tan(η − θ))
]
dudu′
]
,
for 1− ξ0ξ0 > 0, 1− ρ2 > 0 .
(15)
This form of metric allows us to draw the Penrose diagram[16] of AdS. The plot of
the Penrose diagram of AdS is presented in figure 3. A horizon is shown clearly in
the coordinate (ξ0,x). In the coordinate (ξ0,x), AdS is divided into two parts by the
horizon, i.e., region I {ξ0ξ0 < 1, xx′ < 1} and region II {ξ0ξ0 > 1, xx′ > 1}. Different
behaviors of physical systems in the two regions should be investigated, separately.
4 Exact solutions in the region I
In this section, we shall solve exactly the equation of motion for massive scalar field
in the region I. In the region, the Laplace operator is of the form
✷ =
(
1− ξ0ξ0
)
∂2ξ0 − (n + 1)ξ0∂ξ0
−
(
1− ξ0ξ0
)−1 [(
1− ρ2
)2
∂2ρ + ρ
−1
(
1− ρ2
) (
n− 1− 2ρ2
)
∂ρ
]
(16)
−
(
1− ξ0ξ0
)−1 (
1− ρ2
)
ρ−2∂2
u
,
where ∂2
u
denotes the angular part of the Laplace operator.
To solve the equation of motion of scalar field (Klein-Gordon equation)
(
✷+m20
)
Φ(ξ0,x) = 0 , (17)
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Fig.3 The Penrose diagram of AdS.
we write the field variable Φ(ξ0,x) into the form
Φ(ξ0, ρ,u) = T (ξ0)U(ρ)Y (u) .
This form of field variable transforms the equation of motion into three separate
parts[17],
[
(1− ξ0ξ0)2∂2ξ0 − (n+ 1)ξ0(1− ξ0ξ0)∂ξ0 +m20(1− ξ0ξ0) + (ǫ2 −m20)
]
T (ξ0) = 0 ,
[
∂2ρ +
[
2
ρ
+
n− 3
ρ(1 − ρ2)
]
∂ρ −
[
m20 − ǫ2
(1− ρ2)2 +
l(l + n− 2)
ρ2(1− ρ2)
]]
U(ρ) = 0 , (18)
[
l(l + n− 2) + ∂2
u
]
Ylm(u) = 0 ,
where Ylm(u) is the spherical harmonic on the sphere S
n−1 and ǫ is a constant(physical
meanings of it should be discussed later).
For the radial field variable, we can write the solutions as the form
U(ρ) = ρl(1− ρ2)µ/2F(ρ2) ,
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with µ satisfies
µ2 − (n− 1)µ− (m20 − ǫ2) = 0 ,
or
µ± =
n− 1
2

1±
√√√√1 + 4(m20 − ǫ2)
(n− 1)2

 .
and F satisfies
y(1−y)F ′′(y)+
[
l +
n
2
− (l + µ+ 3
2
)y
]
F ′(y)−
[
1
4
l(l + 1) +
1
4
µ(µ+ 1) +
1
2
lµ
]
F(y) = 0 .
(19)
This is a hypergeometrical equation. Then, we get the radial variable for the field
U(ρ) = ρl(1− ρ2)µ/2F
(
1
2
(l + µ+ 1),
1
2
(l + µ), l +
n
2
; ρ2
)
. (20)
For the time-like part of the field variable, let
T (ξ0) ≡ (1− ξ0ξ0)(1−n)/4P (ξ0) ,
we have an associated Legendre equation
(1−ξ0ξ0)P ′′(ξ0)−2ξ0P ′(ξ0)+
[
−1
4
(1− n2) +m20 −
1
4
(n− 1)2 − (ǫ2 −m20)
1− ξ0ξ0
]
P (ξ0) = 0 .
Solutions of time-like part of the field variable, thus, are of the forms
T (ξ0) =
(
1− ξ0ξ0
)(1−n)/4 ·


P ν
′
ν (ξ
0) ,
Qν
′
ν (ξ
0) ,
(21)
where ν, ν ′ satisfy
ν(ν + 1) = m20 −
1
4
(1− n2) ,
(ν ′)2 =
1
4
(n− 1)2 − (ǫ2 −m20) .
(22)
If ν ′ and ν are integers, T ν
′
ν (ξ
0) is finite at the points ξ0 = ±1. This so-called natural
boundary condition gives rise to the discretization of the mass and energy spectrum of
free scalar particles in this slice of AdS[17]–[21].
It should be noticed that as ρ→ 1 (approaches to the boundary), the field varible
Φ(x) has a singularity of the form (1− ρ2)µ−/2 .
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5 Bulk-boundary propagator in the region I
In the region I, we have
AdSn+1 ∩ U1 : 1− xx′ > 0 ,
M
n ∩ U1 : 1− xx′ = 0 ,
(23)
or, equivalently,
AdSn+1 = RP
1 ×Bn .
As shown in the previous section, the time-like coordinate (ξ0) and space-like coordi-
nates (x) part of solutions of the motion can be separated and we have
(✷+m20)Φ(x) = 0
= (∆− (m20 − ǫ2))T (ξ0)Φ(x) .
(24)
Here ∆ is the Laplace operator in the n-dimensional unit ball Bn with the Hua’s metric,
∆ =
1√−g
n∑
α,β=1
∂
∂xα
(√−ggαβ ∂
∂xβ
)
. (25)
This fact tells us that the equal ‘time’ surface of AdSn+1 is a unit ball with conformal
flat or Hua’s metric[22]. Equation(24) shows that the equations of motion for scalar
fields with mass m0 in AdSn+1 reduces to the equations of motion for scalar fields with
mass
√
m20 − ǫ2 on the equal time surface: Bn. At the case of
√
m20 − ǫ2 = 0, the
bulk-boundary propagator can be obtained by a standard method[23]
GEB∂(x,u) =
(1− xx′)n−12
(1− ux′)n−1 . (26)
The bulk-boundary propagator for massive scalar fields is of the form
G±B∂(x,u) =
(
GEB∂(x,u)
)α±
, (27)
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where we have used the notation
α± =
1
2

1±
√√√√1 + 4(m20 − ǫ2)
(n− 1)2

 .
The bulk field Φ(x) determined by the bulk-boundary propagator G±B∂(x,u) and the
field living on the boundary φ(u) is of the form
Φ±(x) =
1
ωn−1
∫
uu′=1
· · ·
∫
duG±B∂(x,u)T (ξ
0)φ(u) . (28)
As a δ-function, GEB∂(x,u) is divergent with dimension 1−n, so the divergent dimension
of G±B∂(x,u) is (1 − n)α±, and the bulk field Φ+(x) determined this way is divergent
at the boundary with dimension
d = (1− n)(α+ − 1) = n− 1
2

1−
√√√√1 + 4(m20 − ǫ2)
(n− 1)2

 . (29)
It should be noticed that the behavior of the bulk field Φ+(x) at the boundary is
the same as that of the exact results for the Klein-Gordon equation. At this sense,
there is a one-to-one correspondence between the fields got by constructing the bulk-
boundary propagator and ones obtained by solving exactly the equation of motion.
This indicates that the dynamics for massive scalar fields can be probed by making use
of the AdS/CFT correspondence. And at the same foot, the conformal field theory
living on the boundary can be investigated by dynamics in the bulk by making use of
the AdS/CFT correspondence.
6 Exact solutions in the region II
To solve the equation of motion for massive scalar field in the region II, it is conve-
nient to introduce the variables ς0 and r as
ς0 ≡ 1
ξ0
, r ≡ 1
ρ
.
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In terms of ς0, r and u, the SO(n, 2) invariant metric (11) can be rewritten as
ds2 =
1
ς0ς0
[
dς0dς0
ς0ς0 − 1 −
(
ς0ς0 − 1
) [ dr2
(r2 − 1)2 +
dudu′
r2 − 1
]]
. (30)
The corresponding Laplace operator is
✷ = ς0ς0(ς0ς0 − 1)∂2ς0 + [2ς0ς0ς0 + (n− 1)ς0]∂ς0
+
ς0ς0
1− ς0ς0
[
(r2 − 1)2∂2r + (3− n)r(r2 − 1)∂r
]
(31)
+
ς0ς0
1− ς0ς0 (r
2 − 1)∂2
u
.
To solve the equation of motion in the region II
(
✷+m20
)
Φ(ς0, r,u) = 0 , (32)
we write the scalar field variable into the form
Φ(ς0, r,u) = T (ς0)R(r)Y (u) .
And the equation of motion is transformed as
[(1− r2)2∂2r + (n− 3)r(1− r2)∂r + l(l + n− 2)(1− r2) + (ǫ2 −m20)]R(r) = 0 ,[
(ς0ς0 − 1)2∂2ς0 +
(
2ς0 +
n− 1
ς0
)
(ς0ς0 − 1)∂ς0 +m20
ς0ς0 − 1
ς0ς0
+ (ǫ2 −m20)
]
T (ς0) = 0 ,
[l(l + n− 2) + ∂2
u
] Ylm(u) = 0 .
(33)
Solutions, in terms of the hypergeometrical functions, are of the forms
T (ξ0) = (ξ0ξ0)−(µ+ν)/2(ξ0ξ0 − 1)ν/2F
(
1
2
(µ+ ν) ,
1
2
(µ+ ν + 1) , µ− n
2
+ 1 ; (ξ0ξ0)−1
)
,
R(ρ) = ρ−λ(ρ2 − 1)λ/2F
(
1
2
(λ− n− l) + 1 , 1
2
(λ+ l) ,
1
2
; ρ−2
)
,
(34)
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where the notations µ, ν and λ have been used
µ± =
n
2

1±
√
1 +
4m20
n2

 ,
ν± =
n− 1
2

−1 ±
√√√√1 + 4(m20 − ǫ2)
(n− 1)2

 ,
λ± =
n− 1
2

1±
√√√√1 + 4(m20 − ǫ2)
(n− 1)2

 .
(35)
We notice that the solutions have a singularity of the form (ξ0ξ0)−µ−/2 at the boundary
(ξ0 =∞). For the other part of the boundary (ρ = 1), these solutions have a singularity
of the form (ρ2 − 1)λ−/2. This is in agreement with behaviors, on the boundary, of the
exact solutions and the fields obtained by making use of the bulk-boundary propagator
in the region I.
7 Bulk-boundary propagator in region II
One of the keystones of the AdS/CFT duality is the bulk-boundary propagator. It
should be noticed that the bulk-boundary propagator for AdS can not be obtained di-
rectly by a Wick rotation from what got for the Euclidean version of AdS, singularities
appear in the bulk and indeed do not satisfy neccessary conditions for a propagator. To
discuss the AdS/CFT correspondence seriously, we have to construct a bulk-boundary
propagator for AdS but not for the Euclidean version of AdS. In fact, we have pre-
sented a bulk-boundary propagator for the region I in section 5. Here, we write down
a bulk-boundary propagator for the region II,
G±B∂(u, ρ, ξ
0;v, ̺)
=
∫
dǫ
∑
l
∑
m
Ylm(u− v)(ξ0ξ0)−(µ+ν)/2(ξ0ξ0 − 1)ν/2(ρ− ̺)−λ((ρ− ̺)2 − 1)λ/2
×F
(
µ+ν
2
, µ+ν+1
2
, µ− n
2
+ 1 ; (ξ0ξ0)−1
)
F
(
λ−n−l
2
+ 1, λ+l
2
, 1
2
; (ρ− ̺)−2
)
,
(36)
where µ, ν and λ take the same values as in the equation (35). It is not difficult to
show that this bulk-boundary prpagator satisfies the equation of motion for a scalar
field with mass m0,
14
(
✷+m20
)
G±B∂(u, ρ, ξ
0;v, ̺) = 0 , (37)
in the region II of AdS. The bulk field can be determined from a field living on the
boundary by making use of the bulk-boundary propagator G±B∂(u, ρ, ξ
0;v, ̺). To dis-
play this fact explicitly, we notice that the boundary of AdSn+1 is the compactification
of the n-dimensional Minkowski space Mn. Then, at the boundary of AdS, we can
introduce a metric [24] conformal to the Lorentzian metric, so that, the integration on
the boundary of AdS can get a finite result,
ds2 =
n−1∑
i,j=0
ηijdχ
idχj

1 +

χ0 −
√√√√n−1∑
i=1
χiχi


2



1 +

χ0 +
√√√√n−1∑
i=1
χiχi


2


. (38)
The total volume of the boundary of AdS is finite respect to this metric
ωn ≡
∫
vv′=1
· · ·
∫
dv
∫
d̺
=
∫
Mn
dχ0 ∧ dχ1 ∧ · · · ∧ dχn−1
1 +

χ0 −
√√√√n−1∑
i=1
χiχi


2


n/2 1 +

χ0 +
√√√√n−1∑
i=1
χiχi


2


n/2
.
(39)
Then, we can say that there is a totally determined bulk field Φ±(x) corresponding to
each field which living on the boundary by making use of the bulk-boundary propagator,
Φ±(x) =
1
ωn
∫
vv′=1
· · ·
∫
dv
∫
d̺G±B∂(u, ρ, ξ
0;v, ̺)φ(v, ̺) . (40)
This shows that G±B∂(u, ρ, ξ
0;v, ̺) is really a bulk-boundary propagator in AdS for
massive scalar field. The bulk field Φ(x) got from this way does not approach to
φ(v, ̺) when limited on the boundary, but goes divergent at boundary with dimension
15
d =
n
2

1−
√
1 +
4m20
n2

 . (41)
This is in good agreement with the exact solutions got in previous section.
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